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A classical theorem of Burnside ([2], Chapter XV, Theorem IV) states 
THEOREM. Let G be a finite group and let L be a faithful representation of G 
(over the complex numbers). Then each irreducible representation of G occurs as a 
constituent of some tensor power of L. 
For a swift proof see [I]. This theorem has been generalized by Steinberg [7] 
to essentially the case of (possibly infinite) semigroups. Our first theorem is a 
generalization of Burnside’s theorem to the case of Hopf algebras, which 
we feel is probably the most natural setting for the theorem. Next we obtain 
an upper bound on the number of tensor products needed in the case of 
a finite dimensional Hopf algebra. Finally we show how Steinberg’s theorem, 
and so Burnside’s theorem, are consequences of our theorem for Hopf 
algebras. 
1. HOPF ALCEBMS 
We recall [5] that a Hopf algebra is an associative algebra, A, (over a field F) 
which is endowed with an associative comultiplication compatible with the 
algebra structure of A, that is, an algebra homomorphism, d, of A into 
A @ A (all tensor products are over F) such that 
(d @ i) d = (i @ d) d 
(associativity of d), where i is the identity map of A onto itself. The usual 
definition of Hopf algebras also requires that ‘4 have an identity element and a 
coidentity, but since these are not needed for our results, we will not assume 
their existence here. Also, we make no assumptions concerning the charac- 
teristic of F, nor, except in Theorem 2, concerning the dimension over F of A 
or of any of the representations which we will consider. 
By a representation of A on a vector space, V, we mean an algebra homo- 
morphism, L, of A into the algebra of endomorphisms of V [5, def. 4.21. Thus 
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the comultiplication on A is disregarded in the definition of representations 
of A. 
However, the crucial role played by the comultiplicrtion is in permitting 
the formation of inner tensor products of representations of A. Specifically, 
if L and M are representations of an algebra, A, then the usual (outer) tensor 
product representation, L $$ M, defined by 
(L @ M) (a @ b) = L(u) @ M(b) U,bEA. 
is a representation of A @ A, and not of A (we remark that the 
map a + L(a) @ M(a) is nut in general a representation of A). But if A is a 
Hopf algebra, then the inner tensor product representation, L * M, can be 
defined by 
L x M = (L @ M) d, 
which is again a representation of A [5, def. 4.21. Because d is associative, the 
process of forming inner tensor products is associative, although it need not 
be commutative unless d is, which we do not assume. (See [3] for an 
interesting class of Hopf algebras whose comultiplications need not be com- 
mutative.) 
In particular, if L is any representation of the Hopf algebra A, then it is 
possible to form the inner tensor product powers of L with itself, 
L(n) =L x .*- *L (n-times). 
We can then form the direct sum of these powers of L, and we will denote 
this direct sum by 1, that is, 
L = &L’“‘. 
n-1 
In order to motivate the statement of our generalization of Burnside’s 
theorem, we remark that if L is a faithful representation of a group, G, 
and if L is lifted to a representation, L, , of the group algebra, F(G), of G, 
then L, need not be a faithful representation of F(G). But the statement 
that L is a faithful representation of G is equivalent to the statement 
that L can not be factored as a representation of any proper quotient 
group of G. We will show later that if F(G) is viewed as a Hopf algebra, then 
the quotient Hopf algebras of F(G) correspond to the quotient groups of G. 
It follows that L, can not be factored as a representation of any proper quo- 
tient Hopf algebra of F(G). With this in mind, the natural generalization of 
Burnside’s theorem to Hopf algebras is 
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THEOREM 1. Let A be a Hopf algebra and let L be a representation of A. 
Then 13 factors as a faithful representation of a quotient Hopf algebra qf A. In 
particular, if L can not be factored as a representation of any proper quotient 
Hopf algebra of A, then E is a faithful representation of A. 
Proof. A quotient Hopf algebra of A is a Hopf algebra, Q, together with a 
Hopf algebra morphism, p, of A onto Q. The kernel of any Hopf algebra 
morphism from A is a Hopf ideal in A, that is [6, p. 221 (we are indebted to 
R. T. Hoobler for this reference), a two-sided ideal, I, in A such that 
Conversely, the quotient algebra of A by any Hopf ideal of A inherits the 
comultiplication of A, and so becomes a quotient Hopf algebra of A. 
Let I denote the kernel of L, so that I is a two-sided ideal in A. To prove 
the first part of the theorem it suffices to prove that I is a Hopf ideal in A, for 
then A/I will be a quotient Hopf algebra of A, and E will factor as a faithful 
representation of A,iI. The second part of the theorem then follows from 
the fact that Z is contained in the kernel of L. 
luow A @I + I $J A is just the kernel of the representation x @i of 
A @ A. Thus we need to show that d(f) . IS contained in the kernel of L @ i. 
Since E = aa. Len) ‘t follows that Ldn-1 91 
L gL = 6 L(m) @L(n), 
m.n=1 
so that the kernel of L @ L is just 
fi kernel L(m) @L(“). 
m.n-1 
Thus we need only show that d(1) is contained in the kernel of Lfm) @L(“), 
that is, that I is contained in the kernel of (L(“) @Len)) d, for all m, n >, 1. 
But we will show that 
(Lbn, @ L’n’) d = L(“+n). (9 
Then, since I = nz==, kernel LcR), it will follow that I is contained in the 
kernel of (L(“) @Lc”)) d for all m, n > 1, and the proof will be completed. 
Thus we need only show that (*) holds. To do this we must unravel the 
definition of L(n). Let 
and let 
L” =L @ a-- @L (n times) 
iti=i@***@i (ntimes), 
481/6/l-9* 
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so that the domains ofLn and in are both 
A”=A@...@A (72 times). 
Then it is not difficult to check that the definition of L(“) is 
where 
d, =(d@zy(d@i”-3) ***(d@i)d 
(where, by the generalized associativity law for d, each term of the form 
d @ ik could just as well be of the form ij @ d @ P-j for some i < k). Then 
(Llm) @L(“)) d = (L”d,n @ Lnd,) d = Lpn+“(dm @ 4) d, 
so that all that needs to be shown is that 
But 
(d, @ d,J d = (d, @in) (i @ d,) d 
=(d@im-2+n).**(d@in)(i@d@iin-2).**(i@d)d 
= mtn d 
by the generalized associativity law for d. This completes the proof of 
Theorem 1. 
If A is finite dimensional then the direct sum of only a finite number of 
inner tensor product powers of L will already factor as a faithful representa- 
tion of a quotient Hopf algebra of A. By modifying the arguments in the 
proof of Theorem 1, an upper bound on the number of powers needed can 
be obtained in terms of the dimension of A. Let 
LI. = &L(j). 
j-l 
THEOREM 2. Let A be a finite dimensional Hopj algebra, and let L be a 
representation of A. Then there is a quotient Hopj algebra, Q, of A such that 
L, factors as a faithful representation of,0 for all k > m, where m is the maximum 
possible length for strictly decreasing chains of two-sided ideals in A (so that m 
is less than the dimension of A, and ;f A is semisimple, then m is the number of 
inequivalent irreducible representations of A). 
Proof. Let Ik denote the kernel of Lk . We show first, by induction, that if 
Z, = Z,,-,r for some integer n, then I, = I,,+k for all k > 1. The case k = 1 
is just the initial hypothesis. Suppose that Z, = I,,,, for some k. Now it is 
easily seen that 
L ,,+k =L, *Ltk” @Lk. 
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Then 
In particular 
Then 
I n+lc = (kernel L,, c Ltk)) n 1, . 
l,+k C kernel (L, @L”)) d. 
d(I,& C kernel (L, @ L(‘;)) = I,, @ A + A @ kernel LcL) 
= I,,+r @ A -k A @ kernel L(‘) 
= kernel (Lntl @ Ltk)). 
Thus 
I,+Ic C (kernel L,,., * Ltk)) n I, = In+p+l 
as desired. 
Now let n be the smallest integer such that I, = Inil . Then (1,) must be 
strictly decreasing for K < n, so that rz < m, and I, = 1% for K > n. Now by 
an argument similar to that used in the proof of Theorem 1, Ik will be a Hopf 
ideal if it is contained in the kernel of (L, @Llc) d, that is, in Izk. Thus Ik 
is a Hopf ideal, and L, factors as a faithful representation of 0 = A/Z, for 
k > n. 
COROLLARY 1. Let A and m be as above, and let L be a representation of 
A which can not be factored through any proper quotient Hopf algebra of A. 
Then L,, is a faithful representation of A. In par&&r, every irreducible repre- 
sentation of A is a constituent of one of the representations Lck) for 1 < k < m. 
Proof. The Hopf ideal I,, of Theorem 2 is contained in the kernel of L, 
so that 1, = (0) and L, is faithful. The rest follows from the last paragraph 
of VI- 
We remark that the bound m is the best possible (unless one has further 
information about L as in [I]), as can be seen by considering the group 
algebra of any cyclic group with L any generator of the dual group. 
2. SE~~IGROUPS 
We now indicate the way in which the above results apply to representa- 
tions of semigroups (and so of groups). If S is a (possibly infinite) semigroup, 
let F(S) denote the semigroup algebra of 5’ over F, that is, the algebra having 
the elements of 5’ as a basis, with multiplication on this basis defined to 
be the multiplication in S. 
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We recall the way in which F(S) is given the structure of a Hopf algebra 
(without identity element unless S has one). The comultiplication, d, is 
defined by lifting the diagonal map from S into S x S to an algebra homo- 
morphism ofF(S) intoF(S) @F(S). In other words, d is defined on the basis 
S of F(S) by d(s) = s 8 s. Th e associativity of d is easily checked (in fact, d is 
also commutative). 
If L is a representation of S, then L lifts to a representations L, , of F(S). If 
L and M are two representations of S, and if L x M denotes their tensor 
product taken in the usual way, (L x M) (s) = L(s) @ M(s), then the corre- 
sponding representation of I;(S) will be just L, x A’,, . Thus inner tensor 
products of representations of the Hopf algebra F(S) correspond exactly to 
the usual tensor products of representations of S. 
To apply the results of Theorems 1 and 2 to semi-groups we must identify 
the quotient Hopf algebras of F(S) in terms of S. One class of quotient 
algebras will consist of the semigroup algebras of quotient semigroups of S. 
But there is another possibility. If S has a zero element, Z, we can define the 
reduced semigroup algebra of S, I;;(S), to be the algebra having the nonzero 
elements of S as a basis, with z corresponding to 0. Equivalently, F,(S) is the 
quotient Hopf algebra of F(S) by the Hopf ideal (z). The algebra described 
in result (2) of [7] is just the reduced algebra of the semigroup B U {0} 
considered there. 
THEOREM 3. Let S be a semigroup, and let Q be a quotient Hopf algebra of 
F(S). Then there is a quotient semigroup, S’, of S such that either Q = F(S’) 
or Q = F,(S’), as quotient Hopf algebras of F(S). 
Proof. Let p denote the quotient map of F(S) onto Q. If the elements of a 
semigroup T are viewed as elements of F(T), then it is easily checked that 
they are characterized as the non-zero elements of F(T) which satisfy 
d(t) = t @ t. For this reason let 
We first show that H is a basis for Q. Since p is a Hopf algebra morphism, it 
is easily checked that the restriction of p to S is a homomorphism of S into 
the semigroup H u (0). Since the elements of S span F(S), and since p is 
surjective, it follows that H must span Q. That the elements of H are linearly 
independent is shown by the following argument for which we wish to thank 
R. G. Larson (it can be used to prove Lemma 3.1 in [4]). Suppose that the 
elements of H are not linearly independent. Let 
h = f cjh, , 
5-l 
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where h, hj E H, h $ hi , cj EF, ci # 0, be a dependency relation of shortest 
length among the elements of H, so that the h, are linearly independent. Then 
d(h) = C ~5 d(hi) = C cjhj O hj 
and also 
d(h) -L h @ h = i c,cJtj @ h, . 
5.k=l 
Since the h, are linearly independent, so are the h, @ h, . Thus cjcs = 0 
unless j = k, in which case cjcj = cj . It follows that n = 1 and h = h, , 
which is a contradiction. Thus H is a basis for Q. 
Since p is surjective and S is a basis for F(S), it follows that every element 
of H is the image under p of some element of S. 
Suppose that p(s) # 0 for all s E S, so that p maps S onto N. Then H must 
be closed under multiplication, and so H is a quotient semigroup of S whose 
semigroup algebra is Q. Thus S’ = H. 
Suppose that p(s) = 0 for at least one element s of S. Then if we let 
S’ =: H u {0}, it follows that S’ is a quotient semigroup of S and that 
Q --F,(Y). This concludes the proof. 
If Q =F,(S’) in Theorem 3, then the set of elements of S which are mapped 
onto zero is an ideal in S. Since groups contain no proper ideals, we have 
COROLLARY 2. Let G be a group, and let Q be a quotient Hopf algebra of 
F(G) (other than the zero algebra (0)). Then there is a quotient subgroup, G’, 
of G suck that Q = F(G’) as quotient Hopf algebras of F(G). 
We remark that if we consider F(S) as a Hopf algebra with the usual 
coidentity (augmentation) e, 
and if we consider only Hopf algebra morphisms which preserve coidentities, 
then reduced semigroup algebras can not occur as quotient algebras of F(S). 
But then the definition of Hopf ideal must include the additional condition 
that e(Z) = 0, and since the definition of representation does not involve 
the coidentity, the kernel of L of Theorem 1 need not be a Hopf ideal in this 
more restricted sense. 
Combining Theorems 1 and 3 we obtain what is essentially just a generaliza- 
tion of the main result of [7]. 
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THEOREM 4. If L is a representation of the semigroup S, then E factors as a 
representation of a quotient semigroup S’ of S such that 
(1) IfLisnezwrzeroonSthen~isfaithfulonF(S’). 
(2) If L is zero on at least one element of S then S’ has a zero element and 
L b faithful on F,(S). 
Proof. If L is never zero on S then L can not be factored through a 
reduced semigroup algebra. Conversely, if L is faithful on F(S’), then L can 
not be zero on any element of S. 
Theorems 2 and 3 can be combined in a similar way. 
We remark that the universal enveloping algebra of a Lie algebra is a 
classical example of a Hopf algebra. We have not discovered what implications 
Theorem 1 has concerning representations of Lie groups. 
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